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After a brief review of integrability, first in the absence and then in the presence
of a boundary, I outline the construction of actions for the N = 1 and N = 2
boundary sine-Gordon models. The key point is to introduce Fermionic boundary
degrees of freedom in the boundary actions.
1. Introduction
Quantum field theories (QFTs) with enhanced spacetime symmetries, such
as integrability or supersymmetry, are attractive to theorists both as can-
didate models of real physical systems, and as toy models which can be
probed more deeply than would otherwise be possible by exploiting their
symmetries. Introducing a spatial boundary in such theories, whose effects
can be physically important, poses a particular challenge to theorists, since
boundary conditions generically break bulk spacetime symmetries.
Hence the fundamental question: to what extent can bulk spacetime
symmetries be maintained in the presence of a spatial boundary? One
expects that the “more” bulk symmetries there are, the harder it is to
maintain such symmetries when a boundary is introduced. In particular,
it was believed for some years that it is essentially impossible to maintain
both integrability and supersymmetry in the presence of a boundary.
My main message here is that this belief is wrong: there do exist non-
trivial integrable supersymmetric boundary QFTs. Although I address this
question in the specific context of the sine-Gordon model, I expect that cor-
responding results can also be found for other models. This result may have
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applications in various areas, including condensed matter physics (in con-
nection with impurity problems) and superstring theory. However, I have
been motivated not so much by any particular application, but rather, by
the two general convictions that systems with enhanced spacetime sym-
metries can be very interesting, and that boundary effects can be very
important.
The remainder of this article is organized as follows. Sec. 2 briefly
reviews some general features of integrability in the absence of boundaries,
and considers as an example the sine-Gordon model 1. Sec. 3 briefly reviews
integrability in the presence of a boundary, focusing on the boundary sine-
Gordon model 2. Secs. 4 and 5 outline the construction of actions for the
N = 1 and N = 2 boundary sine-Gordon models, respectively 3,4. The
key point is to introduce Fermionic boundary degrees of freedom in the
boundary actions. Sec. 6 lists some interesting open problems, and points
out related recent work on superconformal boundary Liouville models.
2. Integrability
In this Section, I very briefly review some general features of integrability
in the absence of boundaries, and consider as an example the sine-Gordon
model. See Zamolodchikov and Zamolodchikov 1 for a much more detailed
review.
2.1. Generalities
A QFT is integrable if it has an infinite set of mutually commuting local
integrals of motion (IMs). According to the Coleman-Mandula theorem 5,
an integrable, Lorentz-invariant QFT in D spatial dimensions has a trivial
S matrix, unless D = 1. Therefore, I henceforth restrict to 1 spatial dimen-
sion, with coordinate x. In this Section, I assume that there is no spatial
boundary; i.e., the theory is defined on the line −∞ < x <∞.
A trivial example of an integrable QFT is the theory of a free massive
scalar field φ(x, t), with Lagrangian density
L = 1
2
∂µφ∂
µφ− 1
2
m2φ2 . (1)
Consider the following integrals of local densities 6,7
I2n =
∫ ∞
−∞
dx :
[
1
2
(∂t∂
n
xφ)
2 +
1
2
(∂n+1x φ)
2 +
1
2
m2(∂nxφ)
2
]
: ,
I2n+1 =
∫ ∞
−∞
dx : ∂tφ ∂
2n+1
x φ : , n = 0 , 1 , 2 , . . . (2)
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Using the equation of motion ∂2t φ = (∂
2
x −m2)φ, one can check that these
quantities are conserved d
dt
In = 0, n = 0 , 1 , 2 , . . ., and are mutually com-
muting [In , Im] = 0. Since I0 is the energy and I1 is the momentum, the
quantities In are evidently higher-derivative generalizations of energy and
momentum.
Since this is a free field theory, it is not surprising that it has infinitely
many IMs. What is remarkable is that there do exist interacting field the-
ories, such as the sine-Gordon model, that are integrable. An important
consequence of integrability is that the multiparticle S matrix can be factor-
ized into a product of two-particle S matrices, as if the scattering occurred
by a series of elastic two-particle collisions, the movement of the particles
in between being free. “Physicist proofs” of this fundamental result are
given in Refs. 1 and 8. An important consistency condition for this fac-
torization is known as the Yang-Baxter Eq. By solving this equation, and
imposing the constraints of crossing symmetry and unitarity, one can go a
long way toward determining the exact two-particle (and hence, the full
multiparticle) S matrix.
2.2. The sine-Gordon model
As an example, let us consider the so-called sine-Gordon model, which is
among the first known and most-studied integrable QFTs. It is convenient
to go to Euclidean space (x, y), with z = x+iy, z¯ = x+iy. The Lagrangian
density is
L0 = 2∂zϕ∂z¯ϕ− m
2
β2
cos(βϕ) , (3)
where ϕ(z, z¯) is a real scalar field. Since ϕ is dimensionless (the number
of spacetime dimensions being two), the coupling constant β is also dimen-
sionless.
This model is known to be integrable at both the classical and quantum
levels. To streamline the classical analysis, it is convenient to eliminate β
from the field equation by rescaling the field, i.e., by defining φ = βϕ; and
to fix the mass parameter by setting m = 2. This model has infinitely many
conserved currents 6,7,9
∂z¯Ts+1 = ∂zΘs−1 , ∂zT s+1 = ∂z¯Θs−1 , s = 1 , 3 , . . . , (4)
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starting with
T2 = (∂zφ)
2 , Θ0 = −2 cosφ ,
T4 = (∂
2
zφ)
2 − 1
4
(∂zφ)
4 , Θ2 = (∂zφ)
2 cosφ , (5)
and the corresponding barred quantities are obtained by complex conjuga-
tion. It follows from (4) that the local charges
Ps =
∫ ∞
−∞
dx (Ts+1 +Θs−1) , P s =
∫ ∞
−∞
dx (T s+1 +Θs−1) , (6)
are conserved
d
dy
Ps = 0 =
d
dy
P s , s = 1 , 3 , . . . . (7)
The energy and momentum are given by P1+P 1 and P1−P 1, respectively.
The charges with s ≥ 3 are nontrivial – their existence proves the classical
integrability of the model.
The classical spectrum includes solitons and antisolitons. Indeed, the
classical potential V (ϕ) = −m2
β2
cos(βϕ) evidently has minima at ϕ = 0
(mod 2pi
β
). There exist stable finite-energy solutions of the classical field
equations which interpolate between neighboring minima. Defining the
topological charge
T =
β
2pi
∫ ∞
−∞
dx ∂xϕ =
β
2pi
[ϕ(x =∞ , y)− ϕ(x = −∞ , y)] , (8)
the solutions with T = +1 and T = −1 are called solitons and antisolitons,
respectively. There are also solutions with T = 0 called breathers.
The quantum sine-Gordon model has particle-like states corresponding
to these classical solutions, for 0 < β2 < 8pi. The exact two-particle S
matrix is given in 1.
3. Integrability in the presence of a boundary
Following 2, let us now consider what happens when a spatial boundary
is introduced. That is, I consider an integrable QFT on the half line
−∞ < x ≤ 0, which evidently has a boundary at x = 0. The first
problem to be addressed is to determine the boundary conditions which
preserve integrability. Another important problem is to determine the so-
called boundary S matrix, which describes scattering off the boundary.
Integrability implies that particles reflect elastically from the boundary,
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and that the boundary S matrix obeys a boundary generalization 10 of the
Yang-Baxter Eq.
Turning again to the example of the sine-Gordon model, let us consider
the Lagrangian 2
L =
∫ 0
−∞
dx (2∂zφ∂z¯φ− 4 cosφ) +B(φ)
∣∣∣
x=0
. (9)
The Lagrangian density is essentially (3) with the coupling constant scaled
away and with m = 2. The boundary potential B(φ) does not change the
bulk equation of motion, but does affect the boundary condition, which
follows from the variational principle,(
∂xφ+
∂B
∂φ
) ∣∣∣
x=0
= 0 . (10)
The question is: which B(φ) (if any) preserves integrability? Clearly, the
corresponding boundary conditions must be compatible with some nontriv-
ial IMs. Since the boundary breaks translational invariance, momentum-
like quantities ∼ Ps−P s cannot be conserved. The only hope is for energy-
like quantities ∼ Ps + P s to be conserved. Hence, consider the quantity
Hs =
∫ 0
−∞
dx
[
(Ts+1 +Θs−1) + (T s+1 +Θs−1)
]
. (11)
Computing the “time” derivative,
d
dy
Hs =
∫ 0
−∞
dx ∂y [ ] =
∫ 0
−∞
dx i∂x
(
Ts+1 −Θs−1 − T s+1 +Θs−1
)
= i
(
Ts+1 −Θs−1 − T s+1 +Θs−1
) ∣∣∣
x=0
≡ i d
dy
Σs , (12)
where the second equality on the first line follows from current conservation
(4). Hence, if there exists a quantity Σs obeying (12), then Hs − iΣs is
an IM. That is, the boundary potential B(φ) should be chosen so that
(considering the first nontrivial case, s = 3)
(
T4 −Θ2 − T 4 +Θ2
) ∣∣∣
x=0
=
d
dy
Σ3 . (13)
Ghoshal and Zamolodchikov 2 solved the constraint (13) for the bound-
ary potential, and obtained the result
B(φ) = 2α cos(
1
2
(φ− φ0)) , (14)
where α and φ0 are arbitrary boundary parameters. The model (9), (14) is
known as the boundary sine-Gordon model. The corresponding boundary
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condition (10), which reads
(
∂xφ− α sin(12 (φ− φ0))
) ∣∣∣
x=0
= 0, interpolates
between Neumann (α = 0) and Dirichlet (α → ∞) boundary conditions.
Ghoshal and Zamolodchikov conjectured that this model is integrable at
both the classical and quantum levels, and proposed the boundary S matrix
for the solitons 2 and breathers 11. Because there are (two) boundary
parameters, the boundary S matrix exhibits a rich boundary boundstate
structure 12,13.
4. Integrability and N = 1 supersymmetry in the presence
of a boundary
The “bulk” sine-Gordon model (3) has a supersymmetric generalization,
the so-called N = 1 sine-Gordon model 14
L0 = 2
(
∂zφ∂z¯φ− ψ¯∂zψ¯ + ψ∂z¯ψ − 2 cosφ− 2ψ¯ψ cos φ
2
)
, (15)
where ψ and ψ¯ are components of a Majorana Fermion field. (Again, the
dimensionless bulk coupling constant has been scaled away, and the mass
parameter has been fixed to m = 2.) Indeed, this model has conserved
supercurrents
∂z¯T 3
2
= ∂zΘ− 1
2
, ∂zT 3
2
= ∂z¯Θ− 1
2
, (16)
where
T 3
2
= ∂zφψ , Θ− 1
2
= −2ψ¯ sin φ
2
; (17)
and corresponding conserved supersymmetry charges
P 1
2
=
∫ ∞
−∞
dx (T 3
2
+Θ− 1
2
) , P 1
2
=
∫ ∞
−∞
dx (T 3
2
+Θ− 1
2
) . (18)
Moreover, this model has an infinite set of local integrals of motion 15
d
dy
Ps = 0 =
d
dy
P s , s = 1 , 3 , . . . , (19)
(the corresponding currents for s = 1 , 3 are generalizations of (5) with
additional terms involving the Fermion field) and is therefore integrable.
Bulk S matrices have been proposed for the solitons 16 and breathers 8,17.
One finally arrives at the question: are there boundary interactions
which preserve both integrability and supersymmetry? This question was
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first addressed by Inami, Odake and Zhang, who proposed the Lagrangian
18
L =
∫ 0
−∞
dx L0 +B(φ, ψ, ψ¯)
∣∣∣
x=0
, (20)
where L0 is given by (15), and B(φ, ψ, ψ¯) is a boundary potential. Imposing
both integrability (as in Eq. (13)) and supersymmetry, they found that the
boundary potential is fixed up to a sign,
B(φ, ψ, ψ¯) = ±
(
8 cos
φ
2
+ ψ¯ψ
)
. (21)
That is, unlike the nonsupersymmetric (N = 0) boundary sine-Gordon
model (9), (14), this model has no boundary parameters.
This no-go result (namely, that the combined constraints of integrabil-
ity and supersymmetry do not allow any free parameters in the boundary
action) seemed to me aesthetically unsatisfactory and even paradoxical 19.
Hence, I decided to revisit this problem 3. My main idea was to introduce
a Fermionic boundary degree of freedom in the boundary action. Indeed,
the N = 1 solitons have an Ising-type RSOS degree of freedom 16, and
Ghoshal and Zamolodchikov 2 introduced such a Fermionic boundary de-
gree of freedom to describe the Ising model in a boundary magnetic field.
Thus, instead of (20), I proposed the Lagrangian
L =
∫ 0
−∞
dx L0 +
[
±ψ¯ψ + ia d
dy
a− 2f(φ)a(ψ ∓ ψ¯) +B(φ)
] ∣∣∣
x=0
, (22)
where L0 is given by (15), a is a Hermitian Fermionic boundary degree
of freedom which anticommutes with both ψ and ψ¯, and B(φ), f(φ) are
boundary potentials. Imposing both integrability (as in Eq. (13)) and
supersymmetry (∼ P 1
2
± P 1
2
), one finds that the boundary potentials are
given by 3
B(φ) = 2α cos(
1
2
(φ− φ0)) , f(φ) =
√
C
2
sin(
1
4
(φ−D)) , (23)
where C, D are known functions of α, φ0. That is, the N = 1 boundary
sine-Gordon model (22), (23) has two arbitrary boundary parameters (α,
φ0) – the same as the N = 0 model (9), (14)! A boundary S matrix for the
N = 1 boundary sine-Gordon model, which also depends on two boundary
parameters, was subsequently proposed by Bajnok et al. 20.
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5. Integrability and N = 2 supersymmetry in the presence
of a boundary
Encouraged by these results, I then decided to consider the N = 2 case 4.
Indeed, the “bulk” sine-Gordon model (3) also has an N = 2 supersym-
metric generalization 21
L0 = 1
2
(− ∂zϕ−∂z¯ϕ+ − ∂z¯ϕ−∂zϕ+ + ψ¯−∂zψ¯+ + ψ−∂z¯ψ+ + ψ¯+∂zψ¯−
+ ψ+∂z¯ψ
−
)
+ g cosϕ+ψ¯−ψ− + g cosϕ−ψ¯+ψ+ + g2 sinϕ+ sinϕ− ,(24)
where ϕ± form a complex scalar field; ψ± and ψ¯± are the components of
a complex Dirac Fermion field; g is the bulk mass parameter; and here
z = 1
2
(y + ix), z¯ = 1
2
(y − ix). (Again, the dimensionless bulk coupling
constant has been scaled away.)
This model has conserved supercurrents
∂z¯T
±
3
2
= ∂zΘ
±
− 1
2
, ∂zT
±
3
2
= ∂z¯Θ
±
− 1
2
, (25)
where
T±3
2
= ∂zϕ
±ψ± , Θ±
− 1
2
= gψ¯∓ sinϕ± ; (26)
and corresponding conserved supersymmetry charges
P±1
2
=
∫ ∞
−∞
dx (T±3
2
−Θ±
− 1
2
) , P
±
1
2
=
∫ ∞
−∞
dx (T
±
3
2
−Θ±− 1
2
) . (27)
Moreover, this model has an infinite set of local integrals of motion
d
dy
Ps = 0 =
d
dy
P s , s = 1 , 3 , . . . , (28)
and is therefore integrable. The bulk S matrix was proposed in 22.
This model can be formulated on the half-line most simply when the
bulk mass vanishes (g = 0), in which case a suitable Lagrangian is 4 (see
also 23)
L =
∫ 0
−∞
dx L0 +
[
− i
2
(ψ¯+ψ− + ψ¯−ψ+)− 1
2
a−
d
dy
a+ −B(ϕ+ , ϕ−)
+
1
2
f+(ϕ+)a+(ψ− + ψ¯−) +
1
2
f−(ϕ−)a−(ψ+ + ψ¯+)
]∣∣∣
x=0
, (29)
where L0 is given by (24), a± are Fermionic boundary degrees of free-
dom which anticommute with ψ± and ψ¯±, and B(ϕ+ , ϕ−), f±(ϕ±) are
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boundary potentials. Imposing both integrability (as in Eq. (13)) and su-
persymmetry (∼ P±1
2
+ P
±
1
2
), one finds that the boundary potentials are
given by 4
B(ϕ+ , ϕ−) = α cos(
1
2
(ϕ+ − ϕ+0 )) cos(
1
2
(ϕ− − ϕ−0 )) ,
f±(ϕ±) =
√
α
2
sin(
1
2
(ϕ± − ϕ±0 )) . (30)
Hence, there are three (!) boundary parameters α, ϕ±0 . For the bulk massive
case (g 6= 0), the boundary action has more terms, and I have performed an
analysis only up to first order in g. The boundary S matrix for this model
has been discussed by Baseilhac and Koizumi 24. (See also 23,25.)
6. Outlook
Already for the the nonsupersymmetric (N = 0) boundary sine-Gordon
model, there are many interesting questions that remain unanswered, such
as its relation to φ13-perturbed boundary minimal conformal field theories
(CFTs). In the bulk case, it is known 26 that the S matrices of the perturbed
minimal models are restrictions of the sine-Gordon S matrix. One would
like to know if something similar happens in the boundary case.
For the minimal models, the possible conformal boundary conditions
(CBCs) have been classified by Cardy 27. (A CBC is characterized in
part by its boundary entropy 28, similar to the way that a bulk CFT is
characterized by its central charge.) The boundary S matrix of a perturbed
CFT describes the boundary “flow” from one CBC to another.
Such issues (and more!) can eventually also be addressed for the N = 1
and N = 2 boundary sine-Gordon models which have been discussed here.
This work has also recently led to progress in formulating superconfor-
mal boundary Liouville models. As is well known, the Liouville model is
closely related to the sine-Gordon model. It is conformal invariant, not just
integrable. For the N = 1 and N = 2 boundary Liouville models, the same
Ansa¨tze (22), (29) give one-parameter families of boundary actions which
are N = 1 29,30 and N = 2 31 superconformal invariant, respectively.
Dedicated to Stanley Deser, with gratitude for his guidance and support,
and with best wishes.
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